Mixed-dimensional consistent coupling by multi-point constraint equations for efficient multi-scale modeling by Yu, Y. et al.
This is the author’s version of a work that was submitted/accepted for pub-
lication in the following source:
Yu, Y., Chan, T.H.T., Sun, Z.H., & Ling, Z.H. (2012) Mixed-dimensional
consistent coupling by multi-point constraint equations for efficient multi-
scale modeling. Advances in Structural Engineering, 15(5), pp. 837-854.
This file was downloaded from: http://eprints.qut.edu.au/52920/
c© Copyright 2012 Multi-Science Publishing
Notice: Changes introduced as a result of publishing processes such as
copy-editing and formatting may not be reflected in this document. For a
definitive version of this work, please refer to the published source:
http://dx.doi.org/10.1260/1369-4332.15.5.837
 1
This paper is submitted to Advances in Structural Engineering – An International Journal 
The full title of paper: 
Mixed-dimensional Consistent Coupling by Multi-point Constraint Equations for Efficient 
Multi-scale Modeling  
Names and addresses of the authors 
Y, Yu:       PhD, Lecturer, Department of Civil Engineering,  
Nanjing University of Science & Technology, Nanjing, China 
T.H.T, Chan:  PhD, Professor, Department of Urban Development, 
            Queensland University of Technology, Queensland, Australia 
Z.H, Sun     PhD, Civil Engineer 
Jiangsu Testing Center for Quality of Construction Engineering, Nanjing, China 
Z.X, Li:      PhD, Professor, Department of Engineering Mechanics, 
            Southeast University, Nanjing, China 
 
The total number of pages: 27 pages including covering page, abstract, main text, acknowledgments, 
references, and notation 
The number of figures: 20 
The number of tables: 5 
 
Please send all correspondence concerning this paper to the following person and address: 
T.H.T, Chan:  PhD, Professor, Department of Urban Development, Faulty of Built Environment 
and Building, Queensland University of Technology, Queensland, Australia 
 
            E-mail: tommy.chan@qut.edu.au 
            Tel:  61 7 3138 6732 
            Fax:  61 7 3138 1170 
 2
Mixed-dimensional Consistent Coupling by Multi-point 
Constraint Equations for Efficient Multi-scale Modeling 
Y, Yu1, T .H. T. Chan2, Z.H, Sun3, Z.X, Li4 
 
Abstract 
Finding an appropriate linking method to connect different dimensional element types in a 
single finite element model is a key issue in the multi-scale modeling. This paper presents a mixed 
dimensional coupling method using multi-point constraint equations derived by equating the work 
done on either side of interface connecting beam elements and shell elements for constructing a 
finite element multi-scale model. A typical steel truss frame structure is selected as case example 
and the reduced scale specimen of this truss section is then studied in the laboratory to measure its 
dynamic and static behavior in global truss and local welded details while the different analytical 
models are developed for numerical simulation. Comparison of dynamic and static response of the 
calculated results among different numerical models as well as the good agreement with those from 
experimental results indicates that the proposed multi-scale model is efficient and accurate.  
 
Keywords  
Mixed-dimensional coupling; Multi-point constraint equations; Multi-scale modeling; Finite 
element analysis 
1. Introduction 
With the rapid development of transportation system, more and more large-span have been put into 
service or to be built. The bridge structures begin to deteriorate once they are built and used. 
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Determining the integrity of those structures in terms of its age, usage, and level of safety by using 
modeling and analyses of deterioration has become a challenging task (Chang et al. 2003). 
Combined with continuing advances in computer technology, the finite element method (FEM) has 
become the dominant tool for evaluating responses of complex engineering structures subjected to a 
variety of different loading conditions, especially for evaluation of damage behavior (Nowack et al. 
1996). The traditional finite element model of bridge structure is usually developed by treating one 
component as one element which is known as the “fish-bone model” when the component is 
constructed at the order of meters on the global length scale. Meanwhile, it is well known that many 
types of defect, such as cracks and degradation of structural connections, generate local failure at 
the material points or sectional levels which will in turn influence the entire structural behavior and 
contribute to global structural damage and possibly cause structural failure (Li et al. 2001). In this 
sense, an accurate model for analyzing such degradation behavior should incorporate the physical 
mechanism of local damage, treated predominantly at the material point by continuum damage 
mechanics, into global structural analysis and the corresponding analysis would become multi-scale 
computation.  
As the practical engineering application, thin-walled truss structures are widely used in steel bridges 
for their cost-effectiveness and structural performances. Accuracy and efficiency are two major 
aspects that should be balanced in any finite element analysis that forcing engineers to seek the 
reliable and accurate yet economic methods to determine the responses of structural components 
subjected to a variety of different loading conditions. For the purpose of multi-scale model analysis, 
it would be desirable to combine the reduced or lower dimensional element types with higher 
dimensional elements in a single model and structure can be regarded as an assemblage of those 
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portions. To facilitate the use of the optimum element type in any given area of the model, the 
model must be partitioned into regions suitable for meshing with elements of a given dimension 
(Armstrong et al. 1998), and the elements must be coupled consistently at the interface between 
regions of different dimension so that governing equations of displacement compatibility and stress 
equilibrium are both satisfied.  
Therefore, it is essential to develop a numerical method to determine the correct stress distributions 
on the interface without any loss of accuracy for mixed coupling of elements with different 
dimensions to serve various research purposes on respective length scale level. This paper aims to 
propose a mixed dimensional coupling method for multi-scale model construction of connecting 
finite elements with different dimensions. The mixed dimensional coupling method using 
multi-point constraint equations is deduced and its computational accuracy and efficiency are 
evaluated by comparing its calculated results with ones from other modeling ways as well as the 
measured data from experiments. When further applied to the large civil infrastructure, the 
developed multi-scale model could be used to simultaneously analyze the global structural behavior 
and local concerned details, and it also has the capability of evaluating the structural health status 
with the help of structural health monitoring data. 
2. Existing Mixed Dimensional Coupling Methods 
Conventionally, the element types of different dimension are coupled together using rigid links, 
which is called as "kinematic coupling" that is usually considered as the most convenient and 
fundamental coupling way (Adams et al. 1999). This method constrains the degree of freedom 
(DOF) of a group of slave nodes to the translation and rotation of a master node. Since the rigid 
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links don’t allow the component to deform according to the theory of elasticity as well as the 
constraints imposed by kinematic coupling are usually calculated as a function of the nodal 
coordinates, considerable disturbances to displacements and stress patterns are inevitably induced 
between the differing element types. Moreover, there would be serious problems that could 
probably make all the efforts in vain for the purpose of model construction. The principle of Saint 
Venant asserts that perturbation in stress and strain occurs only within a distance of the order of the 
linear dimensions of the part, but we don’t know exactly how big size the influence zone would be. 
In the general case, instead of the exact value, the approximate longitudinal length of the influence 
zone would be taken as 1 to 3 times the largest dimension at transversal direction. But there are still 
lots of inherited uncertainties since it is always the figure of case-special and variable depending on 
the material properties. Therefore, if the model length is not long enough compared with the 
cross-section size, or the ratio of length to cross-section dimension is less than three, the differences 
caused are most likely to influence the whole model. All of these impose strict limitations on the 
application of kinematic coupling on the practical engineering problems. 
Transition elements are one of the effective ways to couple the different structural models. The first 
formal presentation of transition elements is proposed by Surana (1979), where isoparametric 
transition elements of various orders are developed for the cross-sectional properties and stress 
analysis of beams. Gupta (1978) presented formulation of transition element which could match one 
element with two elements side by side and Karan (1980) used that transition element for 
axisymmetric stress analysis and three-dimensional case. El-Zafrany (1983) derived the 
Lagrange-based transition elements with the formulation of triangular and quadrilateral-type 
elements. The formulation of a side-node-type transition quadrilateral finite element for mesh 
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grading is presented by Subbaraj and Dokainish (1988). The serendipity-type shape functions with 
slope discontinuity are derived for linear and quadratic elements while ensuring displacement 
function compatibility across element sides. Such an element enables to match one element with 
two elements side by side for mesh refinement. The procedure can be readily extended to any type 
and any order of elements. Furthermore the accuracy of the elements, mainly depends on the 
derivation of accurate shape functions, so it is very critical at these regions. The selection of a 
suitable polynomial which is the basis of shape functions is considered as a quite difficult standard 
procedure for the transition elements (Zienkiewicz et al. 1991). Although the transition elements are 
recommended for local/global structural analysis by Gong (1988) as well as Guzelbey and Kanber 
(2000) derived a practical rule for the development of transition elements, the formulation of the 
transition element is particularly case dependent and the whole process would be conducted again if 
the node number and meshing pattern of the transition element has to be changed for the analysis 
requirements. 
Other than specifically developed transition elements, there are other existing coupling ways that 
have been introduced in commercial software package. For instance, in ABAQUSTM, HKS (1998) 
have documented and implemented a “surface-based coupling” as a general transition element 
which couples a reference node to a group of coupling nodes and distributes forces and moments at 
the reference node as a coupling node-force distribution only. The reference node has translational 
and rotational DOF, while each coupling node has transitional DOF active in the element. Each 
coupling node has a weight factor assigned, which dictates the proportion of the load carried by the 
element that is transmitted through the coupling element. In term of use, correct coupling can only 
be achieved if the weights are known for each node at any given interface. The correct values of 
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these weights are difficult to determine, and currently they are determined manually by the user so 
that there are so many uncertainties and factors in weight values estimation. As the transitional 
DOFs are ignored for each coupling element, coupling involving shell elements cannot be carried 
out correctly. 
Substructure in finite element method is to condense a group of finite elements into one element 
which represents a matrix and can be defined as a collection of elements employed to subdivide a 
local model into an equivalent stiffness element on the basis of linear response. The basic idea of 
this approach is to eliminate all but the degrees of freedom at the retained nodes needed to connect 
this part to the rest of the model. The computational efficiency is highly improved because only the 
retained degrees of freedom and the associated reduced stiffness (and mass) matrix are used in the 
analysis until it is necessary to recover the solution inside the substructure. Moreover, the 
substructure itself could be used many times while the stiffness calculation and substructure 
reduction are performed only once. Therefore, the substructure can be used with standard elements 
in an analysis model, and computation costs would be significantly reduced when the model 
includes the relatively large number of standard elements for structural analysis for large-scale 
engineering structures such as long-span bridges. This method has been considered as the popular 
and matured approach and it is also easily implemented in large commercial software like 
ANSYS™ and ABAQUS™. 
Multi-point constraint equation defines a relationship between sets of displacements within a finite 
element model. Mathematically, there are two main methods of implementing these constraints, 
using Lagrange multipliers or by using a penalty function method. The Lagrange multiplier method 
enforced constraints exactly and the penalty function method imposes constraints approximately. 
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The scheme adopted is proposed by McCune (McCune 1998, McCune et al. 2000) and Armstrong 
(Armstrong et al. 1998a, 1998b) and further developed by Monaghan (Monaghan et al. 1998), 
which utilized an outcome of Reissner’s bending theory of elastic plates (Reissner 1947) and 
showed that proper connections between plate and beam elements, and plate and solid elements can 
be achieved via multi-point constraint equations evaluated by equating the work done on either side 
of the dimensional interface. The solution is arrived at by introducing the assumed variation of the 
stresses, given by the appropriate beam, plate or shell theory, over the cross-section of the interface. 
This procedure is general as long as the stress distribution due to any given loading can be 
determined at each interface. Beam-solid (Monaghan et al. 1998), beam-shell (Monaghan 2000) or 
shell-solid (Da´vila 1994) coupling can be achieved for transitions with arbitrary shapes of 
cross-sections. Mixed dimensional coupling using constraint equations has been shown to give good 
results (Managhan 2000). 
In this paper, main focus will be on generating techniques for widely used coupling situation of 
connecting beam element with shell element without joint node in thin-walled truss structure for 
efficient finite element analysis. Compared with the mixed dimensional coupling methods as 
mentioned above, the scheme with constraint equations is eventually adopted to perform the 
connections between elements of different dimensions. 
3. Beam-shell Coupling using Constraint Equations 
The general method of coupling elements of dissimilar dimensions via constraint equations has 
been proposed by McCune (1998) and Monaghan (2000), which is based on equating the work done 
on both sides of the interface of different elements. A basic requirement of the method is the 
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knowledge of the stress distribution at the interface which can be obtained from the results of beam 
theory.  
The beam node at the transition has six active DOF. Therefore, six constraint equations are required 
to fully couple the displacements of the shell edge to the displacements of the beam node. It is 
assumed that the beam axis is parallel to one of the axes of the co-ordinate system in the finite 
element model (if it is not parallel to any of the global co-ordinate system axes, a local co-ordinate 
system can be used). Under this premise, the resultant force on the beam node can be resolved into 
six components which coincide with DOF components of the beam node. 
As inspired by Monaghan (2000), the derivation of the constraint equations for beam-shell coupling 
for four simple loading situations, namely, axial forces, bending moment, torsion torque and shear 
forces applied at the end of the beam element are deduced and illustrated below.  
3.1. Axial Force 
The schematic description of mixed beam-shell coupling under the axial force along x-axis is shown 
in Figure 1. This method aims to couple the axial displacements of the shell nodes at the transition 
to the axial displacement of the beam node so that the stress distribution on the interface is similar 
to that given by elastic theory. 
Applying the axial force alone, the only non-zero stress on the shell edge is the direct stress x . 
Equating the work done by the beam with that by the surface stress of the shell, the following 
equation could be obtained in the co-ordinate system: 
                           A S xxx tdsUdAuF                            (1) 
where xF  is the axial force along x-direction, u  is the beam node displacement,  U  is shell 
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node displacements,  A  is the cross-sectional area, t  is the shell thickness and s  is the 
circumference of shell edge. 
If the shell region is slender, then the axial stress is assumed to be uniform over the cross-section 
and is given by  
A
Fx
x                                     (2) 
Furthermore, the axial displacement at any point is found by interpolation from nodal 
displacements. 
   UNU   (3) 
where ][N  is the shape function, and  U  is nodal displacements. 
Substituting Eqn 2 and Eqn 3 into Eqn 1, we could find the following  
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where l  is the element length of shell edge. Since the cross-sectional area is simply the product of 
the edge length and shell thickness, Eqn 5 can be derived as: 
       UBUdlNtult Nelements
i l
Nelements
j
jj
i


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 
 11
 (6) 
where ][B  is the matrix of constants depending on the cross-sectional parameters and shape 
functions. Thus, we could deduce a multi-point constraint equation of beam-shell coupling for axial 
force of the following form: 
 03322110  UBUBUBua  (7) 
 11
where 0a , 1B  , 2B  ,  are the constants depending on the cross-section geometry and type of shape 
functions. 
3.2. Bending Moment 
In the similar way, the loading case of bending moment is also studied to obtain the corresponding 
constraint equation. The only non-zero stress on the shell side of the transition is direct stress which 
varies linearly over the cross section according to the direct stress formula subject to pure bending 
moment. The moments are then produced about the shell edge because this stress varies through the 
shell thickness. To illustrate this, the bending of a thin-walled tube is investigated in this case. 
Direct stress, x , due to unit bending moment about the z-axis is shown in Figure 2. From the 
extracted part of the tube wall, it can be seen that the stress varies linearly through the shell 
thickness. Considering the direct stress due to the moment about the z-axis, for both symmetric and 
unsymmetrical sections: 
  yQzPM zx   (8) 
where                    




 zzyyyz
yz
III
I
P 2      



 2yzzzyy
yy
III
I
Q        (9) 
where P  Q  represent the reciprocals of second moment area about the x-axis and y-axis 
respectively. It is assumed that there is no coupling of direct stresses induced by applying bending 
moments at respective axis. In relation to the mid-plane of the shell, the variation of stress through 
the thickness produces a moment per unit length of edge, sM . The magnitude of the rotation is 
then determined by integrating x  through the thickness. For a shell edge of arbitrary orientation, 
the moment can be decomposed into two components: 
 




ds
dzM
ds
dyMM szsys  (10) 
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where dsdy  and dsdz  are two components of the tangential direction cosines respectively. If 
the shell is planar and lies on the X-Z plane, as shown in Figure 3, both syM  and dsdy  will be 
zero, and Eqn 10 will be simplified as: 
 


ds
dzMM szs  (11) 
For a unit moment about the z-axis of such a shell region, the rotation per unit length of edge is: 
 
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0
2
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20  (12) 
The rotation over each element edge could be evaluated at the Gauss points, and subsequently 
further extrapolated to the nodes. 
For node i , this moment is expressed as: 
 

 

 

2
1k k
kkiszi ds
dzJdetWNRM  (13) 
where J  and W  are the Jacobian and weighting factor at Gauss point, k , respectively. Two 
Gauss points are used here to integrate over each quadratic shell element edge. 
For general (unsymmetrical) sections, a rotation will be also produced about the y-axis: 
 

 

 

2
1k k
kkisyi ds
dyJdetWNTM  (14) 
where R  and T  in those two equations are integration constants. 
It is obvious from the above equations that any rotation about the beam node will produce 
displacements along the x-axis as well as rotations about the y and z-axes of the shell edge nodes. 
As shown in Figure 4, considering the moment about the z-axis, equating the work done at the 
interface can be expressed as the following: 
    
2
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2
0 2
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2
2
t
y
t
zA xzz
dx
ds
dyzbzPdy
ds
dzyhyQUdAM  (15) 
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The displacements, U , in the finite element model are presented by: 
   U N U  (16) 
where   y yN            z zN   (17) 
Therefore, the beam rotation, z , can be described in terms of shell node displacements  U , and 
rotations of  y   z , by the equation: 
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 (18) 
So the multi-point constraint equations for the bending about the z-axis can be written as: 
 0221122112211   yyzzz EEDDUCUC  (19) 
Also considering the bending moment acting about the y-axis yields a similar equation: 
 0221122112211   yyzzy LLHHUGUG  (20) 
where  C   D   E   G   H   L  are the matrix of constants depending on the cross-section 
geometry and type of shape functions. 
3.3. Torsion 
Under the loading of a pure torsion, the only non-zero stresses on the shell side of the transition are 
shear stresses, xy  and xz . Maximum shear stress,  , due to a torque about the x-axis is shown 
in Figure 5. From the extracted portion of the tubular section, it can be seen that these shear stresses 
distributed over the tube’s cross-sectional area vary linearly along the radial line, that is, through the 
thickness of the shell element, and so the resulting twisting moment per unit length of edge on the 
shell edges must be accounted. Surrounding the midline of tubular cross-section, the variation of 
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stress through the thickness makes a positive moment about x-axis as shown in Figure 6. 
In this case, two dimensional (2D) node analyses should be introduced to determine the rotations by 
summing up the contributions from equivalent nodes on the 2D mesh. Each shell edge is swept 
through a distance of half the thickness in the direction normal to the shell edge to generate two 8 
node quadrilaterals (one on each side of the shell edge) as illustrated in Figure 7. For the purpose of 
forces and moments that are summed up correctly for each shell edge node, nodes on the 2D mesh 
have to be correlated to their parent shell edges by the logical co-ordinate system, ( r , s ) as shown 
in Figure 8. If a node on the 2D mesh is inside this virtual element, then it contributes to the forces 
on the shell edge.  
By performing the torsion analysis on the 2D cross-section, shear stress components, xy  and xz , 
can be obtained for any given torque. These forces are computed by integrating the stress over the 
area of each 2D-element face and subsequently extrapolating the result at each integration point 
back to the 2D nodes. The forces in the y-direction, yF   , on the 2D mesh nodes are written as: 
          
  
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Similarly, force  zF , is: 
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where  N  are the serendipity shape functions for these 8 node quadrilaterals. If a 2D mesh node 
lies on a boundary between n shell edge virtual elements, then the force for that node must be 
divided by n in  zF  and yF    (in order to comply with finite element formulations over the 
complete shell edge transition).  
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The moments on the shell edge nodes, due to an applied torque on the cross-section, are determined 
by summing moments produced due to the action of shear forces, zF  and yF  by: 
      
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st
ds
dzF
ds
dyFM
2
1 2
 (23) 
where dsdz  and dsdy  are the first and second components of the tangential direction cosines 
respectively, s  is the logical ordinate in the direction normal to the shell edge and  N  are the 
1D shape function at logical ordinate, r .  
Given the forces and moments on each shell edge node are known, the constraint equation can be 
generated accordingly. This equation relates the axial rotation of the beam node to the rotational and 
translational displacements of the nodes on the shell edge side of the transition. Considering the 
moment about the x-axis and equating the work done at the interface leads to: 
         xxzyxx MWPVPm   (24) 
where xm  is the moment applied to the 2D analysis of the cross-section. A multi-point constraint 
equation can now be written in the form: 
 0221122112211   xxxx EEWDWDVCVCm  (25) 
where  C    D   E   are the matrix of constants depending on the cross-section geometry and 
type of shape functions. 
Instead of directly using general solution given by the stress function introduced by Timoshenko 
(1970), the concept of shear flow enables us to get an approximate stress distribution of thin-walled 
tubular section subjected to torsion. For the any point in the tubular cross-section or for any shape 
of wall section, we could always reach the conclusion that shear flow q  is constant around the 
circumference of any thin-walled member in torsion. Note that this is only applicable to closed 
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sections. Once we have determined the value of shear flow in a wall, we can determine the stress at 
any point by dividing the shear flow by the wall thickness as p
p
q
t
  . For many practical problems 
relating to thin-walled torsion members, the shear flow applied to the whole section can be 
calculated as formula 
2
Tq
A
 , where T  is the applied torque load and A  is the area inside the 
mid-thickness line.  
In summary, based on the shear flow and for the calculation simplicity, the model structure could be 
considered with the thin-walled cross-section which can be assumed that shear stress would be the 
same along the direction of the shell thickness so that the shear stress distribution is only the 
function of length of the shell edge.  
3.4. Shear 
The mixed beam-shell coupling subjected to shear force is illustrated in Figure 9. Under the action 
of a shear force alone, the only non-zero stresses are shear stresses components, xy  and xz . The 
action of a shear force on the beam node produces in-plane shear resultant, nN , and twisting and 
bending moments per unit length, nM   and nM , with corresponding translations and rotations of 
the nodes on the shell side of the interface.  
      



Nelements
i
Dnodes
j
yjy NFP
2
1
 (26) 
      



Nelements
i
Dnodes
j
zjz NFP
2
1
 (27) 
where yP  and zP  are shell nodal forces, 2D nodes is the number of 2D nodes that lie inside each 
shell edge virtual element, and  N  are the quadratic 1D shape functions at logical ordinate. 
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Equating the work done at the interface due to a shear force in the y-axis yields: 
         xxzyy MWPVPvp  111  (28) 
where yp  is the exterior shear force along y-axis applied in the cross-section.  
Similarly, due to a shear force in the z-axis: 
         xxzyz MWPVPwp  222  (29) 
 1yP ,  2yP ,  1zP ,  2zP  are the shell nodal forces while  1xM ,  2xM  the shell nodal moments 
of shell elements in the x-axis and y-axis respectively. 
Two multi-point constraint equations then can be written in the following forms: 
 0221122112211   xxy EEWDWDVCVCvp  (30) 
 0221122112211   xxz LLWHWHVGVGwp  (31) 
where  C    D    E    G    H    L   are the matrix of constants depending on the 
cross-section geometry and type of shape function. 
According to the mechanics of materials, the thin-walled section subjected to shear forces can be 
simulated as the “web and flange” system with I-type cross section , in which the edges along the 
shear force direction can be simulated as “web” and ones normal to shear force as “flange” as 
shown in Figure 10. Under the situation of pure shear forces loading, the external shear forces are 
mainly resisted by the “web” and shear stresses on it could be considered as uniformly distributed 
about the thickness direction when the thickness of “web” is significantly smaller than the width of 
“flange”. So the web shear stress of parabolic distribution along the height could be illustrated as 
the following figure and expressed as:   
      2 2 2 20 2 416 sz
Fy b h h h y
I
         (32) 
Although the shear stresses on “flange” is not considerable in compare with those on web that they 
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are often ignored in most cases. Furthermore, despite the shear stresses on “flange” are taken into 
account, their work at the shear force direction is always zero because the shear stress direction is 
normal the vertical of displacement. Therefore, during the derivation process of constraint equations, 
the shear stresses on “flange” are ignored and the web proportion is considered. 
4. Numerical Example on Application of Constraint Equations  
4.1. Beam-shell Model of Box Cross-section 
In order to illustrate the developed procedure for mixed dimensional coupling and verify its 
effectiveness, a case study of simple cantilever beam with particular cross section of rectangle is 
performed through comparison of static analysis results by full shell model and mixed-dimensional 
model as shown in Figure 11. A schematic description of beam-shell coupling with meshing and 
numbering of elements at the interface is illustrated in Figure 12. Table 1 lists the detailed geometric 
dimensions and material data adopted in this case study. 
4.2. Implementation of Constraint Equations 
Constraint equations are then deduced for axial force (along the x-direction), bending moments 
about the y- and z- axes (no coupling), and shear forces applied about the y and z directions (no 
coupling). The stress distribution due to bending moments and shear forces has been assumed in 
accordance with simple beam theory. Therefore, there are total 6 constraint equations in general 
form corresponding to the four loading cases for coupling situation connecting beam node with 
shell elements without joint node. In this study, the corresponding Fortran programming codes are 
accordingly developed by the author to obtain all the values of coefficients in constraint equations 
on the basis of the number of shell nodes with the fixed meshing pattern retained on the interface 
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between two types of element. The advantage is that only the values of several parameters 
implanted in programming codes should be changed if the different meshing requirements needed 
in terms of meshing pattern and the number of shell element nodes retained on the interface, which 
makes it easier to deal with the other connection patterns. 
(33) 
In summary, as stated in Eqn 33, there are totally six constraint equations for one beam node at the 
transition interface which has six active DOFs and they could fully couple the beam node with the 
edge nodes on the shell elements. More attentions should be paid to the fact that once meshing 
pattern as well as the number of retained elements at the interface is determined, all the coefficients 
in the above constraint equations are constant and they all depend upon only the cross-sectional 
Constraint 
Equations 
Axial 
(+X) 0)(75.173)(5.167
)(1802780
62821677779595337
636229176971154


UUUUUUUUUU
UUUUUUU
Bending 
(+Y) 
 
    
  0722.69
444.139
972017145
1089070890
162862
59533777779
17632971261628
77779595337154




yyyy
yyyyyy
y
UUUUUUUU
UUUUUU



Bending 
(+Z) 
 
   
 
  08625.69
725.139
875.84160625.16059
1089063640
286162
636229176971
7597937286162
1636229716917154




zzzz
zzzzzz
z
UUUUUUUU
UUUUUU



Shear
(-Y) 0)(11021124
)(25801785)(28057506203648000
286162
75979375377154


VVVV
VVVVVVV
Shear
(-Z) 0)(12062520
)(28790640)(315900022684800
286162
177129636269154


WWWW
WWWWWWW
Torque
(+X) 
 
   
  01675
5.8371800
9009648
59533777779
281662636229716917
628162154



VVVVVV
VVVVWWWWWW
WWWWx
 20
parameters and shape functions. If the constraint equations have been determined, they are 
successfully incorporated in the finite element formulation by standard methods such as Lagrange 
multiplier or penalty function methods. In this case study, constraint equations can be easily 
implemented in the general-purpose finite element software ANSYS (2004) by *CE command.  
4.3. Results Comparison of Different Models 
There are four loading cases which have been considered, in particular, an axial tension force of 10 
kN, a bending moment of 10 kNm, a shear force of 10 kN and a torque of 10 kNm that has been 
applied at the free end respectively. The Von-Mises stress contour figures showing the results of the 
coupling model under different loading cases are shown in Figure 13. 
A comparison of the free end point displacements and particular point stresses among the beam 
model, shell model, beam-shell coupling model and theoretical value has been conducted and the 
results are summarized in Table 2. It indicates that the results of the beam model are almost identical 
to that of the theoretical one since the theoretical value is on the basis of the simple beam theory 
except that in torsion situation, there is 2% difference between them because the approximation 
method of shear flow is introduced into the theoretical value calculation. Moreover, the results of the 
shell model are slightly smaller than that of the beam model because of the type difference between 
the beam element and shell element, which suggests that the latter element is more rigid than the 
former one. The more important is that the result of the mixed model shows a very close agreement 
with that of the shell model. Despite a bit bigger difference occurs in the torque case, the maximum 
percentage error in other three loading cases is found to be less than 5% with regard to both 
displacement and stress. 
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4.4. Different Percentage of Shell Region in Multi-scale Model 
Furthermore, the results of multi-models constructed by different percentages of shell region have 
also been listed in Table 3. The different particular points in Table 2 and Table 3 result in the 
different values under the loading case of shear force. It is observed that the percentage of shell 
region in multi-model just has tiny influence of less than 2% on the structural response, which could 
be completely neglected in a structural analysis process. So from this point of view, the problem of 
shell percentage is not a factor that should be concerned when constructing a mixed dimensional 
model.  
5. Multi-scale Model of Truss Structure 
In order to verify and validate mixed coupling method using constraint equations, as the widely 
used engineering application, a steel truss structure has been taken as the case study. The four bays 
of steel truss section have been manufactured as specimen with dimensions of 1.32m height and 
4.2m length on the length ratio of 1:5 of prototype dimensions for experimental study. The 
experimental study has been performed in laboratory to provide the measurement data to be 
compared with the analytical results. As the test set-up is shown in Figure 14, the boundary 
conditions are simulated as the fixed end supports at the either end of the upper chord while simply 
supported at the bottom chord. The stain gauge are attached in the middle-point of component to 
assume they are nominal stresses, and there are over 300 strain gauges at one local joint in order to 
describe the hot-spot stress distribution from measurement data. The laboratory test procedures in 
more details could be found in Yin (2007). Meanwhile, four analytical models with respect to 
traditional beam element model shown in Figure 15(a), shell element model in Figure 15(b) and 
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multi-scale model by substructuring and constraint equations shown in Figure 15(c) are then 
developed respectively to compare the numerical results among them as well as with the 
corresponding experimental values.  
The dynamic characteristics of different models are investigated by performing single input 
multiple output method with hammer punching excitation under the same boundary conditions. . 
The corresponding results of frequencies on the first seven orders are compared, as seen in Figure 
16, which indicates the overall frequencies of four models agree well with each other except that the 
differences among them are not even at each order. Some inaccuracy of the modeling parameters 
may have led to the relatively larger errors at the certain order instead of all selected orders.  
The static responses of the models are calculated at the specific concentrated loading of 10kN 
applied at point C under the same boundary conditions. As shown in Figure 17, the comparison of 
calibrated nominal stress is performed at the measurement points which indicates good agreement 
with analytical. The hot-spot stress distributions of (a)(a’), (b)(b’) and (c)(c’), corresponding to the 
marked focused area around the points of A0, B0, A (see Figure 14) respectively, also give almost 
the similar contour figures at the focused area between results from shell element model and by 
multi-scale model shown in Figure 18. The tiny difference lies on the location of interface area in 
substructure, which suggests that interface selection should be relatively far away from the welding 
or stress concentration area that the resulting error hardly has any influence on the hot-spot stress 
distribution situation.  
As for the comparison of results from multi-scale model with measurement data, the frequency 
values of first 11 order mode shape is listed in Table 4. The static responses of measurement points 
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on nominal stress are shown in Figure 19 while local concerned area in Figure 20.  
Considering the involved computing costs, comparison of computation efficiencies of three 
different analytical models in terms of computation duration time on static responses and dynamic 
characteristics are tabulated in Table 5. This suggests that multi-scale model by both substructure 
and constraint equations can be significantly more efficient than other models in responses 
calculation, especially the model by substructure in dynamic responses. The obvious high 
calculation efficiency on the relatively small structure above indicates that it would be much more 
efficient if the multi-scale model is used in highly nonlinear dynamic responses considering the 
complicated situations of traffic loading and earthquake loading etc. 
Therefore, on the basis of comparison between the first seven order frequencies, nominal stress and 
concerned area hot spot stress distribution and calculation efficiencies, the proposed models served 
different purposes and possessed corresponding advantages and drawbacks. All the models could be 
used to obtain dynamic characteristics, and model by beam element can easily output the nominal 
stress at the global level without local information while the full shell element could further get the 
local stress situation of concerned area by increasing the number of elements number but such 
enormous number of elements is impractical strategy in modeling of large infrastructure. The 
multi-scale model constructed by constraint equations and substructure could reduce the element 
number and significantly elevate calculation efficiency especially the latter to satisfy all the needs 
of instantaneously obtaining the global information and local stress situations. Consequently, the 
developed multi-scale model has been validated and verified to be accurate and efficient by 
analytical and experimental studies, and therefore they can be further applied to the large-span 
full-scale bridge structure for evaluating its structural health status with the help of structural health 
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monitoring data. 
6. Conclusion 
The study on the mixed dimensional coupling by multi-point constraint equations has been carried 
out in this paper. The proposed procedure for developing the multi-scale model is presented and 
implemented by applying substructuring technique and constraint equations. As the case study, a 
thin-walled steel truss section is studied to show how the multi-scale model could be developed and 
its results are validated by the experimental test and compared with traditional FE model. A typical 
truss section is then developed as a practical application of the proposed method. Based on the 
aforementioned results from this study, the main conclusions are as follows: 
 An efficient and accurate mixed-dimensional coupling method for coupling situation 
connecting beam element with shell element without joint node has been presented. This 
coupling method is derived and implemented by multi-point equations through equating the 
work done on either side interface. The specifically developed Fortran programming codes 
can be easily extend to the more general form under the same coupling situation.  
 The simple numerical case study of thin-walled rectangular cross section has been carried out 
and it shows that the results of the multi-scale model agree well with those of full beam model 
and shell model in terms of deflection of free end and Von-Mises stress value of particular 
location under the four simple loading cases.  
 A widely-used typical steel truss structure is selected and the reduced scale specimen of the 
truss section is studied in the laboratory to measure its dynamic and static behavior in global 
truss and local welded details. In addition, the traditional models by full beam and shell 
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elements as well as multi-scale model are correspondingly developed for numerical simulation. 
Comparison of dynamic and static response of the calculated results among different 
numerical models and also between computed value by multi-scale model with measured ones, 
which indicate that the proposed multi-scale model can offer better efficiency and accuracy. 
However, in current study, only one test specimen has been adopted in the laboratory test, 
which implies its limitation on the extent of results with respect to efficiency and accuracy. 
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Notation 
A     cross-section area 
][B  C   D   E   G   H   L    C    D   E    C    D    E    G    H    L   
matrix of constants in constraint equation 
xF     axial force along x-axis 
l     element length of shell edge 
J     the Jacobian at Gauss point 
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sM   bending moment per unit edge length produced by direct stress linearly varies 
through shell thickness 
 xM ,  1xM ,  2xM   matrix of shell nodal moments 
][N    shape function 
P Q    the reciprocals of second moment area about the x, y -axis respectively  yP ,  zP ,  1yP ,  2yP ,  1zP ,  2zP  
              matrix of shell nodal forces 
R T    integration constant 
s     the circumference of shell edge 
t     shell thickness  
u v  w    beam node displacement along x, y, z -direction respectively 
W     weighting factor at Gauss point 
 U   V  W  nodal displacement of shell elements along x, y, z -direction respectively 
x     direct stress along x-direction 
xy     shear stress on X-Y plane 
xz     shear stress on X-Z plane 
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Figure 1   Schematic illustration of beam-shell coupling under Axial Force 
 
 
  Figure 2  Schematic Illustration of rotations produced about shell edge by bending stresses 
 
 
Figure 3  Schematic illustration of integration along the direction of shell thickness 
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Figure 4  Schematic illustration of beam-shell coupling under Bending Moment 
 
 
Figure 5  Schematic illustration of shear stress distribution of tube thickness due to torsion 
loading 
 
 
Figure 6  Schematic illustration of beam-shell coupling under Torsion 
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Figure 7  Schematic illustration of Virtual 8 node quadrilateral elements for 2D mesh 
 
 
Figure 8  Correlation between 2D mesh nodes with shell edge nodes 
 
 
Figure 9   Schematic illustration of beam-shell coupling under Shear Forces 
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Figure 10   Schematic illustration of shear stress distribution of web of the thin-walled 
sections subjected to Shear Force 
 
 
 
Figure 11   Schematic diagrams of simple model in case study: (a) full shell model (b) 
multi-scale model 
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Figure 12   Beam-shell coupling model of rectangular cross section 
 
 
Figure 13  Von-Mises stress distribution contour due to (a) Axial Force;  
(b) Bending Moment; (c) Shear Force and (d) Torsion  
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Figure 14  Test set-up and schematic illustration of strain gauges mapping for nominal stress 
(stars) and local concerned region (shade areas) combined with boundary condition 
simulation (in mm) 
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Figure 15  Four finite element models developed by different construction modeling methods: 
(a) global model with full beam elements; (b) global model with full shell elements; (c) 
multi-scale model with substructuring and constraint equations respectively 
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Figure 16  The first seven order frequencies value by four different analytical models 
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Figure 17  The nominal stress at the measurement points by four modeling methods under 
the specific loading at point C 
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Figure 18  The hot-spot stress distribution at the concerned area of multi-scale model by 
constraint equations (a)(b)(c) and shell model (a’)(b’)(c’) 
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Figure 19  Nominal stress comparison of computed with test values on measurement points 
under specific loading at point c 
 
 
Figure 20  Von-Mises Stress comparison of computed with test values on selected points of 
local concerned area under the same loading case 
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List of Tables 
 
Table 1   Geometric and material data for simple case study 
 
Table 2   Free end deflection and Von-Mises stress of particular location of cantilever beam 
using different types of model 
Displacement (m)of Free End / Error (%) due to 
Model 
Types Axial Force 
(10 kN) 
Bending 
Moment 
(10 kNm) 
Shear Force 
(10 kN) 
Torsion 
(10 kNm) 
 longitudinal (+X) 
Vertical 
(+Y) 
Vertical 
(-Y) 
Rotation angle 
(+X) 
Beam model 2.6978E-6/0 7.95E-5/-0.06 2.39E-4/0.15  5.6963E-5 rad/-2.2 
Multi-scale model 
(Shell Percentage 
50%) 
2.68E-6/-0.66 7.883E-5/-0.9 2.4498E-4/2.65 5.7229E-5 rad/-1.6 
Shell model 2.68E-6/-0.66 7.9261E-5/-0.36 2.365E-4/-1.1  5.8063E-5 rad/-0.3 
Theoretical Value 2.6978E-6 7.9549E-5  2.3865E-4  5.8238E-5 rad 
Von-Mises Stress (MPa) ( X=0 Z=0 Upper side location) due to 
Model 
Types Axial Force 
(10 kN) 
Bending 
Moment 
(10 kNm) 
Shear Force 
(10 kN) 
Torsion 
(10 kNm) 
Overall Dimensions (mm) Element Types 
Height Width Length Thickness of plate Beam Element (Beam 188) 
Shell Element 
(Shell 63) 
700 750 4500 30 
Material Parameters 
Young’s Modulus Poisson Ratio 
200 GPa 0.3 
2-noded 
three-dimensional 
elastic beam element
(6 DOF) 
4-noded 
three-dimensional 
elastic shell element 
(6 DOF) 
 39
Beam model 0.119904 0.550 0.278 0.345 
Multi-scale model 
(Shell Percentage 
50%) 
0.1199/-0.003 0.528/-4.0 0.269/-3.2 0.360/4.0 
Shell model 0.1199/-0.003 0.536/-2.5 0.266/-4.3 0.344/-0.6 
Theoretical Value 0.119904 0.550 0.278 0.346 
 
Table 3   Free end deflection and Von-Mises stress of particular location of cantilever 
multi-model constructed by different percentage of shell region 
Displacement (m) of Free End due to Multi-scale Model  
(Shell Region % of 
Beam Length) Axial Force 
(10 kN) 
Bending 
Moment 
(10 kNm) 
Shear Force 
(10 kN) 
Torsion 
(10 kNm) 
 longitudinal (+X) 
Vertical 
(+Y) 
Vertical 
(-Y) 
Rotation angle 
(+X) 
40 2.68E-6 7.88E-5 2.2683E-4 5.707E-5 rad 
60 2.68E-6 7.89E-5 2.2725E-4 5.7403 E-5 rad 
80 2.68E-6 7.89E-5 2.2747 E-4 5.774 E-5 rad 
Von-Mises Stress (MPa) (X=0 Z=0 Upper side location) due to Multi-scale Model 
(Shell Region % of 
Beam Length) Axial Force 
(10 kN) 
Bending 
Moment 
(10 kNm) 
Shear Force 
(10 kN) 
Torsion 
(10 kNm) 
40 0.1201 0.52833 0.25163 0.33959 
60 0.11967 0.52707 0.25095 0.34212 
80 0.1199 0.52740 0.25042 0.34315 
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Table 4   First few order natural frequencies comparison between computed values and 
experimental ones 
 
 
 
 
 
 
 
 
 
 
 
Table 5   Comparison on computation efficiencies between three models on static responses 
and dynamic characteristics 
 
Mode 
No. 
Mode Shape 
Description 
expf  
（Hz）
FEMf  
（Hz） exp
exp
f
ff FEM  （％） 
1 (V1) V asym. 15.0 15.6 4.00 
2 (L1) L sym. 35.0 36.4 3.94 
3 (L2) L asym. 70.2 75.0 6.87 
4 (L3) L asym. 89.6 87.6 -2.23 
5 (L4) T sym 159.2 160.7 0.91 
6 (L5) L sym. 211.3 226.1 7.01 
7 (V2) T, L sym. 263.5 282.4 7.18 
8 (V3) V asym. 273.6 295.6 8.05 
9 (V4) V asym. 322.1 316.1 -1.86 
10 (V5) V sym 338.6 318.1 -6.05 
11 (V6) V asym 377.1 350.1 -7.17 
expf - Experimental Frequency from the field test 
FEMf - Calculated Frequency by multi-scale model  
V, L, T= Vertical, Lateral and Torsion bending modes, respectively 
sym= symmetric；asym=asymmetric 
Multi-scale Model 
Modeling Methods Beam Element 
Shell 
Element Substructure Constraint Equations 
Number of Elements 220 34946 216 21366 
Static Response 1 402 6 133 Computation 
Duration Time  
(seconds) Dynamic 
Characteristics 
2 2493 21 181 
